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0 Abstract

An original observation of Zeno's Achilles\Tortoi&ace Paradox is introduced. It leads to
novel understanding of the foundations of mathesahticience, especially by observing Non-
locality and Locality as its fundamental buildingpdks. Locality is precisely its own formula,
thus this formula cannot be used as a solutiorafiything else but its own unigque case. Non-
locality is a formula that can be used as a saiufis more than one case. Locality on its own
is total isolation. Non-locality on its own is tbtannectivity. No total realm is researchable. A
researchable realm only exists if Non-locality abdcality are not total. Under Non-
locality\Locality Linkage we get a universe wher@mocality is its common law; this is
expressed by many Localities that are gatherecheycommon law, but can never be Non-
local, as is the common law. Non-locality\Localitinkage can be perceived as "The Tree of
Knowledge", which is the one organic and ever cexgband therefore non-entropic) realm
that enables one, and only one simple law (Nonligyato be the common knowledge of
many Local expressions of it (we show that Leibdiaitin Complexity [11] Challenge is the
organic incompleteness of Non-locality\Locality kage).

1 Zeno's Achilles\Tortoise Race

It is argued that Zeno's Achilles\Tortoise Racenas a paradox in real life because we can
summarize non-finite values (where each value th@) are added to some initial value. By
doing that we are able to get an accurate valughaib different from the initial value. For
example: 1 is the initial value and 1+1/2+1/4+1/8+ 2, where 2 is an accurate value that is
different from the initial value 1. Actually the wlke idea of Limits is somehow motivated by
the desire to solve Zeno's Paradox. Let us inva&tithree different cases of Achilles\Tortoise
Race:

Case A: Achilles wins against the Tortoise, and the Rstops.
Case B: Achilles does not win against the Tortoise, dmelRace continues (actually forever).

Case C: Achilles and the Tortoise are on the same postiad the Race stops.



Case A:

Distance = Speed * Time

The next position of Achilles and the Tortoise @ldhe Race = previous position + Distance.

Case A exists only if neither Speed nor Time are chardjathg the Race. Let us show it by

using an algorithm (no particular programming laanggei is used here):

Posi ti on

Posi ti on

Achill es

Tort oi se

Time =1

X1

X2 =
Speed

Speed

0

1

0

Aspeed 10

I
[EnN

Tspeed

Do Loop Kfrom1l to «

Achilles position = position X1 + distance ( = Aspeed * Ti ne)

Tortoise position = position X2 + distance (= Tspeed * Tine)
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(The Race continues afteoop K 1, since Tortoise position > Achilles position)

Loop K 2:
Achilles position = 10 + (10 * 1
Tortoi se position = 11 + (1 * 1)
Position X1 = Achilles position
Position X2 = Tortoi se position

)
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(The Race stops afteoop K 2, since Tortoise position < Achilles position)



CaseB:
Distance = Speed * Time

In case B, Ti me is changed during the Race. Let us show it bygisin algorithm (no
particular programming language is used here):

Position X1 =0
Position X2 =1
Achi |l es Speed
Tort oi se Speed
Time =1

o

Aspeed
Tspeed

Do Loop Kfrom1l to -

Achilles position = position X1 + distance ( = Aspeed * Ti ne)

Tortoise position = position X2 + distance (= Tspeed * Tine)

Position X1 Achil Il es position

Position X2

Tortoise position

If X1 2 X2 then STOP

Time = Time / Aspeed (Achilles Speed = Aspeed = 10)

Next Loop K

Loop K 1:
Achilles position =0 + (10 * 1) = 10
Tortoise position = 10 + (1 * 1) = 11
Position X1 = Achilles position = 10
Position X2 = Tortoi se position = 11

Time = Tinme / Aspeed (Achilles Speed = Aspeed = 10) = 0.1
(The Race continues aftearoop K 1)

Loop K 2:

Achil I es position 10 + (10 * 0.1) = 11

Tortoise position =11 + (1 * 0.1) = 11.1

Posi ti on X1 11

Achil I es position

Posi ti on X2 11.1

Tort oi se position
Time = Time / Aspeed (Achilles Speed = Aspeed = 10) = 0.01

(The Race continues aftaroop K 2)



Loop K 3:

Achil I es position 11 + (10 * 0.01) = 11.1
Tortoise position = 11.1 + (1 * 0.01) = 11.11

Posi ti on X1

Achil I es position 11.1

Posi ti on X2

Tortoi se position 11.11
Time = Tine / Aspeed (Achilles Speed = Aspeed = 10) = 0. 001

(The Race continues aftaroop K 3)

Loop K =

The Race continues forever because any given gosifi Achilles and the Tortoise that comes
next is the result of previous positions + Distamealues, where each Distance value > 0, no
matter how many loops (finite or infinite) are ug@chilles position < Tortoise position is an
invariant state).

Claim 1: Since Achilles position < Tortoise position is iamariant state o€ase B, and since
Case C is exactly theCase B algorithm, we conclude th&@ase C does not apply.

Claim 2: One claimghat (Time > 0) / Achilles Speed @ase B, butCase C is exactlyLoop K
= where at.oop K« we have (Time = 0) / Achilles Speed.

Let us carefully investigatieoop K « according taClaim 2:

Loop K 3:

Achil I es position 11 + (10 * 0.01) = 11.1

Tort oi se position 11.1 + (1 * 0.01) = 11.11

Posi ti on X1

Achil I es position 11.1

Position X2 = Tortoi se position 11.11
Time = Tine / Aspeed (Achilles Speed = Aspeed = 10) = 0. 001

(The Race continues aftearoop K 3)

Last Apos = The lastchilles position forsomeK <

Last Tpos = The lasfTortoi se position forsomeK < «
Lti me = The lastTi ne unit's change for som& < «

Last Apos < Last Tpos aslong ax < «



Loop K e

Achill es position = Last Apos + (Aspeed * Ltine) Current Apos

Tortoi se position = Last Tpos + (Tspeed * Ltine) Current Tpos

Posi ti on X1

Achill es position = Current Apos

Posi ti on X2 Tortoi se position = Current Tpos

Ltime = 0 / Aspeed (Achilles Speed = Aspeed = 10)

The Race continues dtoop K « state, sinceCurrent Apos < Current Tpos is
invariant exactly becaudet i me = 0/ Aspeed atLoop K~. SoClaim 2 andClaim 1 are
reducible toCase B.

It is also argued that dtoop K ~ we cannot use anything that appliesLatop K < «.
ThereforeClaim 2 is not reducible t&ase B. If this is the case thdmoop K« consists of at
least two extremes that are not derived from edbbras follows: 1) Theéoop K~ realm is
totally Local, but thechi | | es or the Tort oi se do not exist as two competitors and also
there is no room for any Race. 2) Theop K « realm is totally Non-local, but then
Achi | | es or theTor t oi se do not exist, since totally Non-local realm does$ enable the
existence of localities likéchi | | es or theTort oi se. So also at that extreme realm
there are no competitors and therefore no Raceoflyealternative for Achilles\Tortoise Race
is a realm that results from Non-locality\Localitinkage, which is not totally Non-local AND
not totally Local. This linkage is exactlyase B. By following Case B Current Apos <
Current Tpos invariant result it is argued that infinitely mapgsitions are not the higher
dimension that they cover. Actually "<" of an exggi®n like ‘Current Apos < Current
Tpos" is an example of a higher dimension that is "frelediny positions of lower dimensions
on it, no matter how many positions of lower dimens there may be between any arbitrary
pair of lower dimensions' positions. Non-localitgdality Linkage actually solves the
philosophical problem of Motion, because the redsad framework is not understood only in
terms of Locality.

3 Fundamental Physics

At the beginning of the #Dcentury there were two major revolutions in Physishen STR
[1], GRT [2] and QM first aired their views. Thet®eories provided better explanations for
physical anomalies both in macro and the microescaht the beginning of the 2Tentury
there is still no simple and straightforward thethgt naturally links the macro and the micro
scales. Nevertheless both macro and micro framesMagike changed their attitudes about the
researcher as a significant factor of the resedrétaamework. Nowadays the researcher is no
longer considered as a "pure" observer of the t®sad the researcher's possible influence on
the results is not unconditionally ignored. Als@perties like Uncertainty, Redundancy and
Randomness etc ... are increasingly understood éssentials of the researched space.

In 1935 the ‘EPR thought experiment’ was publisfgdand since then it has led an approach
that disagrees with the probabilistic interpretasioof physical theories and experimental
results. EPR’s original aim was to show that QMsbgabilistic interpretations enable non-
local phenomena that allow information to be trangd faster than the speed of light (which
is an essential constant of Einstein's SRT and GRdatual physical experiments [4], mostly
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based on Bell [5] and Bohm [6] thought experimehtsye shown non-local phenomena, but
until now there is no agreement about the Bell Radm thought experiments, and there is no
agreement about the experimental results that asedoon them, including disagreements
about their technical validity and\or their inteztations. It has to be stressed that at the base of
both experimental and theoretical frameworks therthe mathematical language, and some
scholars believe that a better understanding dflimguage can display these aforementioned
problems in a new light. These voices can be addethe vision of L. Lovasaz "One
Mathematics" [7], the aim of which is to find a cown base ground for many branches of
mathematics under one organic approach [8], whiables better linkage among them.

Here are some suggested abstract principles thaermess these notions:

1. Atomic state is an existing thing that has nb-sxisting things, for example: {} is the
Atomic state, where {{}} is an example of a non-atit state.

2. In order to be expressed beyond the Atomic stetesuggest at least two existing things that
are linked with each other, without deriving froach other.

3. We observe Non-locality and Locality as two &R things that, if linked with each other,
enable the expression of things beyond the Atortates In that case, Distance, Division,
Scale, Size or any other possible terms of measnere based on Non-locality\Locality
Linkage.

Non-locality\Locality Linkage can be introduced,r fexample, by the relation between
different dimensions. A. Khrennikov uses the angldtat Non-Euclidean local effects might
also be imagined as non-local Euclidean effectsTRis analogy is transferable to the analogy
of different dimensions, as follows:

n=1tow
k= 0ton-1

What is considered as non-local in the sense olilsameous correlation betwedadim
elements, is the non-local propertyreflim element with respect to thels&im elements. In
that case, any measurement among at least two sibmsnis actually based on Non-
locality\Locality Linkage -dim\k-dims linkage). By following this notion anydim is non-
local with respect to any amount lodim elements because: giverdim element, there are
infinitely many k-dim elements on it, such &sdimA # k-dimB # k-dimC ..., where#£ is an
example of ar-dim domain, which is not covered by akgim element. If one claims against
this assertion then he has to avpidBut then there is, at most, one and only loxdém element
on then-dim element. By carefully investigating the Dimems' example it is discovered that
# is equivalent ton-dim which is used as a differentiator betwdedims, no matter what
identification eactk-dim has. In that case we distinguish between taee ©f many localities
and the state of Non-locality-dim state > mank-dims state) where the identification of each
k-dim has no significance. For examphedim # k-dim # k-dim has cardinality 3, whether the
k-dims are distinguishable or not. By extending daedinality toc, we still find # as a
projection ofn-dim, which is used as a differentiator betweenerttian oné-dim on it. We
think that these examples can be used Without lads&enerality in many branches of
Mathematics.



We observe the difference between Non-locality lamchlity under their linkage as follows:

Locality under linkage is precisely its own formutaus this formula cannot be used as a
solution for anything else but its own unique caden-locality under linkage is exactly a
formula that can be used as a solution for moren tbae single case. Under Non-
locality\Locality Linkage we get a universe whererMNlocality is its common law, which is
expressed by many Localities that are gatheredbywon law, but can never be Non-local, as
common law is. Under Non-locality\Locality Linkages have a naturally non-entropic realm,
which is derived from the principle of non-finiteggression that is the result of the openness
of the Non-Local and Local, with respect to eadireot This generalization may provide a non-
trivial basis for what we call "The Organic Unitf/athematical Science" [10].

Organism means that any possible expression esiistdtaneously together with the entirety
of expressions, so that each expression enablesdhérivial further development of the
remaining expressions. It means that we have amaal framework that is based on invariant
principles, which are actually expressed by maffigmint and non-trivial ways. In order to lift
things up (to develop them) we simultaneously netbility AND changeability in one
framework (Give me a place to stand on, and | will move theatlE', Archimedes of
Syracusg. Let us use Non-locality\Locality Linkage in order investigate a concept like
Distinction. First let us provide some definitions:

x is an element.

Definition 1:ldentity is a property ok, which allows its recognition.

Definition 2: Copy is a duplication of a singlidentity.

Definition 3: If x has more than one singtéentity, thenx is calledUncertain.

Definition 4: If x has more than one singlepy, thenx is calledRedundant

The linkage between Non-locality and Locality deBma Distinction-Tree, where its Y-axis is
used in order to measure the Uncertainty of itenelds, and its X-axis is used in order to

measure the Redundancy of its elements.

For example, the 2-Uncertainky2-Redundancy Distinction-Tree is:

(AB, AB) (AB,A) (AB,B) (AB (AA (BB (AB (A (B) 0

Ax *x A* R AR AX AKX AL AR AR AL AL
|1 |1 |1 |1 [ |1 [ [ |1 [
B** B*. B** B*. B.. B** B.* B.. B*. B._

(2,2) = (AB, AB)

(2,1) = (AB A, (AB, B)

(2,0)= (AB)

(1,1) = (AA, (B B), (A B)
(1,0= (A, (B

(0,0)= ()

Any appearance of that tree is called Distinctitai& (DS), where any DS is under a structure
called Frame (F), for examplgaB,B) is a DS that is under (2,1) F. The order in eaShdd F
has no significance (similar to {a,b}={b,aput any DS is the basis of any possible order
(similar to the concept of Set as being the baspeomutations).



Organic Numbers (ON) is a number system that iedas DS.

We do not need more than A and B in order to intoecthe entire ON system.
1) AB represents the Uncertain state of Distincbban element under ON.

2) A,B represents the clear identification stat®wstinction under ON.

3) A A represents the Redundant state of Distimctioder ON.

(1)(2)(3) itself can be represented as ABC ; A,BACA,A cases of ON3.

The principle here is to reduce things into a @rgjtucture (a one organism). For example: we
need 3 2-dim structures in order to represent therutations of (A,B,C) structure:

o8}
*
I

(AB,O , (CBA

(B,AQ , (CAB

o8}
— p—
1

o8}
*
I

(A/CB) , (B,CA

So the A,B,C identifications can be picked in aegiced order, under the same ON.

4 The metaphysical view of Zeno's Achilles\TortoisRace

Zeno's Achilles\Tortoise Race actually deals megsigally with the one-many relation as
appears between tliigeaticandPluralistsschools of ancient Greece [12]:

In fact all mathematical attempts to resolve thpaeadoxes share a common feature, a feature
that makes them consistently miss the fundameatai which is Zeno’s concern for the one-many
relation, or it would be better to say, lack ofatbn. This takes us back to the ancient dispute
between the Eleatic school and the Pluralists. fitst, following Parmenide’s teaching, claimed
that only the One or identical can be thought amdhierefore real, the second held that the Many
of becoming is rational and real.



The one-many relation actually stands at the bas@ysolution of this paradox, whether it is
continuous or discrete. In both cases two compstiémd a one race path must exist, so the
minimal conditions of Zeno's Achilles\Tortoise Ravest be based on one-many relation. A
luck of such a relation actually prevents the saegistence, as already written:

1) TheLoop K = realm is totally Local, but theAchi | | es or the Tort oi se do not exist
as two competitors and also there is no room fgrRace. 2) Théoop K« realm is totally
Non-local, but therAchi | | es or theTor t oi se do not exist, since totally Non-local realm
does not enable the existence of localities Akéi | | es or theTor t oi se. So also at that
extreme« realm there are no competitors and therefore nce R&he only alternative for
Achilles\Tortoise Race is a realm that results fidan-locality\Locality Linkage, which is not
totally Non-local AND not totally Local.

In other words, a one-many relation must exist, r@hl®th schools are in relations, and these
relations are demonstrated as follows:

a) By distinguish between the Local and The Non-logal show how both casesCgse A:
Achilles wins against the Tortoise, and the Raopst or '‘Case B: Achilles does not win
against the Tortoise, and the Race continues (cfoaever)") are both valid, (depending on
our interruption of the parameters of the formDigtance = Speed * Timduring the race)
(According to this viewCase C is already included iRase A).

b) The solution is compared with the current math&ahparadigm that solves this paradox
by claiming that infinitely many values (where eamfe of them > 0) can be summarized to
some accurate value, which is different than thigalrvalue. By carefully analyzin@aseB
and by using the difference between Non-localitg &ocality, we explicitly show that the
currant mathematical paradigm that solZeso's Achilles\Tortoise Raparadox is wrong.

c) In order to understand why the current mathemlapasadigm is wrong all we have is to
distinguish between the minimal form of Non-locglitvhich is a single endless line (where
only 1-dimesion is considered) and the minimal fosmLocality, which is a single point

(where only O-dimension is considered).

d) Exactly as no line segment (which is the resulthef linkage between Non-locality AND
Locality) can be an endless line, then no line sagman be a point. By using this symmetrical
inability, we immediately understand that the cotranathematical solution o¥eno's
Achilles\Tortoise Racparadox is wrong.

e) The new paradigm, which is based on the qualéadi¥ference between Non-locality and
Locality, fundamentally changes Standard and Nanesrd Real Analysis.

f) Also our understanding of the concept of Colleti® fundamentally changed, because now
we realize that no collection is totally non-loeald no collection is totally local (as a result the
term "all" is invalid if it is related to an infite collection because no infinite extrapolation of
elements is Non-locality, and no infinite intergada of elements is Locality).

g) By following (f) no element of an infinite collection is consideeslits final element, and
therefore any infinite collection is incomplete. @ contrary, the term "all" is valid only in
the case of a finite collection, where any elemisntonsidered as its final element and
therefore any finite collection is complete (theéegsion from the finite to the infinite used by
Cantor and other mathematicians or philosophemsrasg, at the moment that we understand
the qualitative difference between Non-locality dmatality).

9



h) As for Non-locality and Locality, they are two aygite aspects of a one atomic state, as
follows:

An atom is an existing thing that has no sub-egitimngs, for example:
The empty set (notated as {}) is an existing thingt has no sub-exiting things.

The minimal version of the non-local aspect of @ah@mic state is exactly an open endless line
(where only 1-dim is considered).

The minimal version of the local aspect of the atostate is exactly a point (where only 0-dim
is considered).

i) Non-locality\Locality linkage is the exact condii that enables Complexity, whether it is
abstraction or not. One of the possible phenomenéeno's Achilles\Tortoise Race, where
bothCase A andCaseB are valid.

5 Summary

ZFC set theory (which is used as the foundationriany branches of Mathematics) uses only
A,B as the general case of Distinction, while ON based on a generalization of Distinction
(as shown in pages 7 and 8). Furthermore, sinceaf@Nthe results of Non-locality\Locality
linkage, where this linkage is one "Tree of Knovged then the researcher and the researched
are organs of one organism. Currently the orgappr@ach is not at the core of mathematical
science. On the contrary, any discovered\inveniddhde between some given branches of
Mathematics is considered as an unexpected evethiofscience, and we argue that this
arbitrary paradigm has to be developed into thammoyview of mathematical science.

We believe that this is the right way to unify testract and the non-abstract realms into one
fruitful and dynamically-developed body of scieiatiknowledge, where researcher\researched
linkage is not unconditionally ignoreNon-locality\Locality Linkage can be perceived aé
Tree of Knowledge", which is the one organic andresomplex (and therefore non-entropic)
realm that enables one and only one simple law {Noality) to be the common knowledge of
many Local expressions of it (we have shown thabrniz Chaitin Complexity [11] Challenge

is the organic incompleteness of Non-locality\Ldgdlinkage).
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